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Abstract
Using Seiberg–Witten gauge theory, we give some mod 2 constraints on the Alexander
polynomials of certain class of two-component links recently studied by Fintushel and Stern.
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1. Introduction
The seminal work of Fintushel and Stern [2] has provided us with a bridge between
the study of Seiberg–Witten invariants of four-manifolds and the study of Alexander
polynomials of links in S3. Many recent applications of their work involve construction
of interesting examples of four-manifolds using well-known facts about Alexander
polynomials of corresponding links. In this paper we reverse the trend and use results from
Seiberg–Witten gauge theory to conclude something about the Alexander polynomials of
certain class of two-component links in S3.
First we shall look at the following special situation. Let B be any closed 2m-strand
braid in S3 which represents the unknot. Let A denote the axis of the braid B . Then A is
also an unknot with lk(A,B) = 2m. If we take the double branched cover of S3 along the
unknot B , we get S3 back again. Denote this branched covering map by πB :S3 → S3.
Let LB = π−1B (A) be the lift of A in the double branched cover. Since A links with
B even number of times, LB is a two-component link in S3. Computing the Alexander
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polynomial of a two-component link is generally a non-trivial problem, more so for the
case of ∆LB(t1, t2) since we are not even given a picture of LB to start with. Fintushel
and Stern have studied this problem for a particular family of such links LB in [3]. They
managed to compute the reduced Alexander polynomials ∆¯LB (t) = ∆LB(t, t) for their
family of links, and this was already a highly non-trivial computation.
In what follows we shall write down an infinite collection of mod 2 congruences
satisfied by the coefficients of ∆LB(t1, t2) for any such two-component link LB constructed
as above. The main ingredients needed are the relationship between the Alexander
polynomials of LB and the Seiberg–Witten invariants of link surgery manifolds E(n)LB
(cf. [2]), and the behavior of the Seiberg–Witten invariant under the double branched
covering operation in [6]. It remains an interesting open problem to figure out to what
extent the mod 2 reduction of ∆LB(t1, t2) can be determined from our congruences.
In the last section we obtain a generalized version of our congruences for lifts of
arbitrary knots. Namely, instead of looking at the lift of the axis A, we shall consider
the lift of an arbitrary knot K ⊂ S3 with lk(K,B) = 2m. We will write down a family
of mod 2 congruences relating the coefficients of ∆
π−1B (K)
(t1, t2) with the coefficients of
∆K(t).
Finally we would like to point out that, although our approach in this paper is gauge-
theoretic in nature, it may be entirely possible to arrive at the same mod 2 constraints via
purely classical Alexander polynomial techniques. Hopefully that would not diminish the
interest of proving the constraints within the framework of Seiberg–Witten theory.
2. Definitions and preliminary lemmas
In this paper we will be working with the symmetrized version of the Alexander
polynomials of two-component links. For example, the different versions for the link 9226
in [7, p. 389] are
∆9226
(t1, t2) = −2t2 + 6t1t2 − 4t21 t2 + t31 t2 + 1 − 4t1 + 6t21 − 2t31 ,
∆
sym
9226
(t1, t2) = t−3/21 t−1/22 · ∆9226(t1, t2)
= −2t−3/21 t1/22 + 6t−1/21 t1/22 − 4t1/21 t1/22 + t3/21 t1/22 + t−3/21 t−1/22
− 4t−1/21 t−1/22 + 6t1/21 t−1/22 − 2t3/21 t−1/22 .
For each integer n 2, let E(n) be a simply-connected elliptic surface with no multiple
fibers and with geometric genus pg = n − 1. Let F denote a generic torus fiber of E(n),
and let E(n)LB be the result of a link surgery as in [2]. We have the decomposition
E(n)LB =
[
E(n) \ ν(F )]∪ [S1 × (S3 \ ν(LB))]∪ [E(n) \ ν(F )],
where ν denotes the tubular neighborhoods. Let [F1] and [F2] denote the homology class
of the torus fiber in two different copies of E(n) \ ν(F ). If µi (i = 1,2) are the meridians
of the components of LB , then [S1 × µi] = [Fi] inside H2(E(n)LB ;Z).
The tubular neighborhood ν(F ) ⊂ E(n) can be identified with the product S1 × (S1 ×
D2). We can view the closed 2m-strand braid B as sitting inside the solid torus (S1 ×D2).
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Define Σ to be the torus S1 × B ⊂ ν(F ). Note that [Σ] = 2m[F ] in H2(E(n);Z). As
shown in [3], there is a double covering map p :E(n)LB → E(n) branched along the
torus Σ .
E(n)LB
p
=∐2
i=1[E(n) \ ν(Fi)]
2 : 1
∪ [S1 × (S3 \ ν(π−1B (A)))]
id×πB
E(n) = [E(n) \ ν(F )] ∪ [S1 × (S3 \ ν(A))].
Note that ν(F ) = [S1 × (S3 \ ν(A))], and our branched covering map p over ν(F ) is the
Cartesian product of the identity map on the S1 factor and the restriction of the double
branched covering map πB :S3 → S3.
Choose a section Γ ⊂ E(n) of the elliptic fibration. Define Σ˜ = p−1(Σ) and Y0 =
E(n) \ ν(Σ). It is not hard to check that the pair (Y0,Σ) is strongly admissible in the
terminology of [6]. We have the following technical lemma.
Lemma 2.1 (Cf. [6] for definitions). Let p :E(n)LB → E(n) be the double covering map
branched along Σ as above. Then we have
(i) [p−1(F )] = [F1] + [F2], and [Σ˜] = m[F1] + m[F2] inside H2(E(n)LB ;Z).
(ii) If ξj denotes the SpinC structure on E(n) with c1(det ξj ) = PD(j [F ]), then
j ≡ n mod 2 and WE(n)(ξj ) = (−1)
n−2+j
2
(
n − 2
n−2+j
2
)
.
(iii) If Lj = det ξj , then ΛLj (Σ) = j2m −  j2m, where x denotes the greatest integer less
than or equal to x .
(iv) Let θm,n,j (	) = n−2+j2 − m	. Then we have
kξj
(
E(n),Σ
)= ∞∑
	=1
(−1)θm,n,j (	)
[(
n − 2
θm,n,j (	)
)
−
(
n − 2
θm,n,j (	 + 2)
)]
.
Remark 2.2. For p  0, we keep the convention that(
p
q
)
= 0 if q > p or q < 0.
Proof. (i) This follows easily from the Mayer–Vietoris sequence and the fact that nΣ = 2m
and nΣ˜ = m.
(ii) We know from [1] that SWE(n) = (t−1 − t)n−2, where t = [F ]. Now SWE(n)(ξj ) is
the coefficient of tj in the Laurent polynomial SWE(n).
(iii) By definition, mLj = c1(Lj ) · PD[Γ ] = j [F ] · [Γ ] = j , and
ΛLj (Σ) =
mLj
nΣ
−

mLj
nΣ

= j
2m
−

j
2m

.
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(iv) Let λ → E(n) be the complex line bundle with c1(λ) = mPD[F ]. Let γ ∗ =
PD[Σ] ∈ H 1(∂Y0;Z). By definition (cf. [6, Remark 3.2(iii)]),
kξj
(
E(n),Σ
)= ∞∑
	=1
SWY0
(
ξj |Y0 ⊗ λ|Y0 ,
(
j
2m

− 	
)
γ ∗
)
.
From [5], we can deduce that
SWY0
(
ξj |Y0 ⊗ λ|Y0 , 	γ ∗
)= SWY0(ξj |Y0, (	 − 1)γ ∗) (2.1)
for every integer 	. Hence we must have
kξj
(
E(n),Σ
)= ∞∑
	=1
SWY0
(
ξj |Y0,
(
j
2m

− 	 − 1
)
γ ∗
)
.
Now we can easily conclude from the gluing formula in [5] that
SWY0 =
(
t−1 − t)n−2(t−2m − t2m).
Let ai denote the coefficient of t i in SWY0 . By the definition of the Seiberg–Witten series
SWY0 in [5], we know that
SWY0
(
ξj |Y0,
(
j
2m

− 	 − 1
)
γ ∗
)
= aj+2m(−	−1) (2.2)
and this finishes the proof. 
3. Congruences
Theorem 3.1. Let ai,j denote the coefficient of t i/21 tj/22 in ∆symLB (t1, t2), the symmetrized
Alexander polynomial of LB . Let m  1, n  2, j ≡ n mod 2, and j 	≡ m mod 2m. For
every such triple of integers (m,n, j) as above, we must have mod 2
n−1∑
i=−(n−1)
i≡n−1 mod 2
(
n − 1
n−1+i
2
)
aj−m−i, j−m−i
≡
(
n − 2
n−2+j
2
)
+
∞∑
	=1
[(
n − 2
θm,n,j (	)
)
−
(
n − 2
θm,n,j (	 + 2)
)]
, (3.1)
where θm,n,j (	) = n−2+j2 − m	.
Proof. The above congruence (3.1) is nothing but the following congruence from [6]
SWE(n)LB
(
ξˆj
)≡ SWE(n)(ξj ) + kξj (E(n),Σ) mod 2, (3.2)
where ξˆj is the SpinC structure on E(n)LB with c1(det ξˆj ) = p∗(Lj ) − PD[Σ˜]. Note that
the assumption j 	≡ m mod 2m implies that ΛLj (Σ) 	= 12 . It follows from Lemma 2.1(i)
and a Mayer–Vietoris argument near the branch locus that
c1
(
det ξˆj
)= (j −m)PD([F1] + [F2]).
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From [2], we know that
SWE(n)LB = ∆
sym
LB
(
t21 , t
2
2
) · (t−11 − t1)n−1 · (t−12 − t2)n−1,
where we let t1 = [F1] and t2 = [F2]. To evaluate the left-hand side of congruence (3.2),
note that SWE(n)LB (ξˆj ) is equal to the coefficient of (t1t2)
j−m in the Seiberg–Witten
series SWE(n)LB . The right-hand side of (3.2) follows from Lemma 2.1(ii) and (iv). Hence
congruence (3.2) reduces to
n−1∑
i,k=−(n−1)
i≡k≡n−1 mod 2
(
n − 1
n−1+i
2
)(
n − 1
n−1+k
2
)
aj−m−i, j−m−k
≡
(
n − 2
n−2+j
2
)
+
∞∑
	=1
[(
n − 2
θm,n,j (	)
)
−
(
n − 2
θm,n,j (	 + 2)
)]
. (3.3)
Finally since our link LB arises as a double covering of A , we must have ai,k = ak,i for
all pairs i and k . Therefore the left-hand side of (3.3) is easily seen to be congruent to the
left-hand side of (3.1). 
Remark 3.2. For the SpinC structures ξj satisfying j ≡ m mod 2m, we have ΛLj (Σ) = 12
and consequently congruence (3.2) no longer holds.
4. Examples
We start out with a recipe for drawing the 2-component link LB . As in Fig. 1, we
straighten out the unknot represented by the closed braid B . The axis A of B now has its
own braid representation after B has been completely straightened out. To obtain the lift
of A in the double cover of S3 branched along B , we just “double” the braid representative
of A as shown in Fig. 2.
Definition 4.1. For each integer m  1, let B2m be the closure of the 2m-strand braid in
Fig. 3.
Fig. 1. Straightening out the closed braid B.
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Fig. 3. 2m-strand braid B2m.
Fig. 4. 221, 4
2
1, 6
2
1 and 8
2
1.
Definition 4.2. For each integer m  1, let (2m)21 be the two-component link in S3
consisting of two unknots with linking number m and linking each other in a simple manner
as shown in Fig. 4. The link (2m)21 is sometimes referred to as (2,2m) torus link (see [7,
pp. 336–337]).
Lemma 4.3. For the closed braids B2m above, we have LB2m = (2m)21.
Proof. It is easy to see that the closed braid B2m is an unknot. When we straighten out
B2m as in Fig. 1, note that the axis A can now be represented as the closure of the same
braid in Fig. 3, i.e., A turns into the closed braid B2m. Finally it is not hard to see that the
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closure LB2m of the “double” of the braid in Fig. 3 is the two-component link (2m)21. See
Fig. 5 for the case when m = 1. 
It is not very hard to compute the Alexander polynomials of (2m)21.
Lemma 4.4 (Cf. [7]). For the two-component links (2m)21, we have
∆(2m)21
(t1, t2) =
m−1∑
i=0
t i1t
i
2 = 1 + t1t2 + t21 t22 + · · · + tm−11 tm−12 ,
∆
sym
(2m)21
(
t21 , t
2
2
)= t−(m−1)1 t−(m−1)2 + t−(m−3)1 t−(m−3)2 + · · · + tm−31 tm−32 + tm−11 tm−12 .
Now we are in a position to write down some specific congruence relations and verify
them against the links (2m)21. First note that ai,j in Theorem 3.1 is the coefficient of t
i
1t
j
2
in ∆symLB (t
2
1 , t
2
2 ). For the triple (m,n, j) = (1,2,0), congruence (3.1) reduces to
a−2,−2 + a0,0 ≡ 1 mod 2
which is certainly satisfied by ∆sym221
(t21 , t
2
2 ) = 1. For the triple (m,n, j) = (2,3,1),
congruence (3.1) reduces to
a−3,−3 + a1,1 ≡ 1 mod 2
which is certainly satisfied by ∆sym421
(t21 , t
2
2 ) = t−11 t−12 + t1t2. For the triple (m,n, j) =
(3,2,2), congruence (3.1) reduces to
a−2,−2 + a0,0 ≡ 0 mod 2
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which is certainly satisfied by ∆sym2 (t2, t2) = t−2t−2 + 1 + t2t2. For the triple (m,n, j) =61 1 2 1 2 1 2
(4,6,6), congruence (3.1) reduces to
a−3,−3 + a−1,−1 + a5,5 + a7,7 ≡ 0 mod 2
which is certainly satisfied by ∆sym821
(t21 , t
2
2 ) = t−31 t−32 + t−11 t−12 + t1t2 + t31 t32 . For the triple
(m,n, j) = (5,8,6), congruence (3.1) reduces to
a0,0 + a8,8 ≡ 1 mod 2
which is certainly satisfied by ∆sym
(10)21
(t21 , t
2
2 ) = t−41 t−42 + t−21 t−22 + 1 + t21 t22 + t41 t42 .
Remark 4.5. (i) For a fixed number of braid strands 2m, it remains an open problem exactly
how many “diagonal” coefficients of mod 2 Alexander polynomials can be determined
from our congruence (3.1). If necessary, we can always come up with many more new
congruences by replacing E(n) with any other simply-connected 4-manifold X containing
a cusp neighborhood, as long as we know SWX.
(ii) From the picture in Fig. 2, one may proceed and compute the Alexander polynomial
of LB using the method outlined in [4]. However it is usually very difficult to obtain such
a picture since it is a non-trivial task to draw a braid representative of A in the manner
described in Fig. 1. In particular, without the aid of a computer program, it is probably not
feasible nor practical to apply such method to the family of links LB2m,k studied in [3].
5. Generalization
In this section we keep the unknotted closed braid B but replace the axis A in Fig. 1
with an arbitrary knot K ⊂ S3 linking the braid B in the manner shown in Fig. 6. Note that
we still have lk(K,B) = 2m.
Let πB :S3 → S3 be the double cover branched along B as before. Define LB(K) =
π−1B (K). Our goal is to relate the coefficients of ∆
sym
LB(K)
(t1, t2) to the coefficients of
Fig. 6. Replacing A with an arbitrary knot K .
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∆
sym
(t). We now need to consider a different family of double branched covers of four-K
manifolds.
E(n)LB(K)
pK
=∐2
i=1[E(n) \ ν(Fi)]
2 : 1
∪ [S1 × (S3 \ ν(π−1B (K)))]
id×πB
E(n)K = [E(n) \ ν(F )] ∪ϕ [S1 × (S3 \ ν(K))].
Here E(n)K denotes the knot surgery manifold in [2]. The branch locus of
pK :E(n)LB(K) → E(n)K is again the torus Σ = S1 × B . If µ denotes the meridian
of the knot K ⊂ S3, then we have [B] = 2m[µ] ∈ H1(S3 \ ν(K);Z). Since the glu-
ing map ϕ identifies the fiber class [F ] with [S1 × µ] in H2(E(n)K ;Z), we must have
[Σ] = 2m[S1 × µ] = 2m[F ].
Let ΓK be the surface in E(n)K gotten by gluing a punctured section in [E(n) \ ν(F )]
with a copy of the Seifert surface of K in [S1 × (S3 \ ν(K))]. Define Σ˜ = p−1K (Σ) and
Y0 = E(n)K \ ν(Σ). It is not hard to check that the pair (Y0,Σ) is strongly admissible in
the terminology of [6]. As in Section 2 we have the following lemma.
Lemma 5.1 (Cf. [6] for definitions). Let pK :E(n)LB(K) → E(n)K be the double covering
map branched along Σ as above. Then we have
(i) [p−1K (F)] = [F1] + [F2], and [Σ˜] = m[F1] + m[F2] inside H2(E(n)LB(K);Z).
(ii) If ξj denotes the SpinC structure on E(n)K with c1(det ξj ) = PD(j [F ]) = PD(j [S1 ×
µ]), then
SWE(n)K (ξj ) =
n−2∑
i=−(n−2)
i≡n mod 2
(−1) n−2+i2
(
n − 2
n−2+i
2
)
bj−i ,
where ∆symK (t) =
∑
α bαt
α/2 is the symmetrized Alexander polynomial of K .
(iii) If Lj = det ξj , then ΛLj (Σ) = j2m −  j2m, where x denotes the greatest integer less
than or equal to x .
(iv) kξj (E(n)K,Σ) is equal to the sum,
n−2∑
i=−(n−2)
i≡n mod 2
(−1) n−2+i2
(
n − 2
n−2+i
2
)
(bj−2m−i + bj−4m−i ).
Remark 5.2. Note that bα = 0 if α is an odd integer, since ∆symK (t) is always a sum of
integral powers of t .
Proof. (i) The proof of Lemma 2.1(i) goes through without any change.
(ii) We know from [2] that SWE(n)K = (t−1 − t)n−2 · ∆symK (t2), where t = [F ] =
[S1 × µ]. Now SWE(n)K (ξj ) is the coefficient of tj in the Laurent polynomial SWE(n)K .
(iii) Replace the section Γ by ΓK in the proof of Lemma 2.1(iii).
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(iv) The proof of Lemma 2.1(iv) goes through with E(n) replaced by E(n)K . Now the
gluing formula in [5] implies that
SWY0 =
(
t−1 − t)n−2 · ∆symK (t2) · (t−2m − t2m).
Again let ai denote the coefficient of t i in SWY0 . From the definitions of kξj (E(n)K,Σ)
and the Seiberg–Witten series SWY0 , we conclude that
kξj
(
E(n)K,Σ
)= ∞∑
	=1
aj+2m(−	−1)
=
∞∑
	=1
n−2∑
i=−(n−2)
i≡n mod 2
(−1) n−2+i2
(
n − 2
n−2+i
2
)
(bj−i−2m	 − bj−i−2m(	+2)), (5.1)
which telescopes to the sum in the lemma. 
The following is a direct generalization of Theorem 3.1.
Theorem 5.3. Let ai,j denote the coefficient of t i/21 tj/22 in ∆symLB(K)(t1, t2), the symmetrized
Alexander polynomial of LB(K). Let bi denote the coefficient of t i/2 in ∆symK (t), the
symmetrized Alexander polynomial of K . Let m  1, n  2, and j 	≡ m mod 2m. For
every such triple of integers (m,n, j) as above, we must have mod 2
n−1∑
i=−(n−1)
i≡n−1 mod 2
(
n − 1
n−1+i
2
)
aj−m−i,j−m−i
≡
n−2∑
i=−(n−2)
i≡n mod 2
(
n − 2
n−2+i
2
)
(bj−i + bj−2m−i + bj−4m−i ). (5.2)
Proof. Same as the proof of Theorem 3.1. 
For example, congruence (5.2) for the triple (m,2, j) reduces to
aj−m−1, j−m−1 + aj−m+1,j−m+1 ≡ bj + bj−2m + bj−4m mod 2.
Remark 5.4. One should be able to obtain similar mod 2 congruence results for more
general classes of links than LB(K) using the gluing theory for Seiberg–Witten invariants
in [5,6,8]. We hope to address these in a future work.
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